In this paper, we show that LCD codes are not equivalent to non-LCD codes over small finite fields. The enumeration of binary optimal LCD codes is obtained. We also get the exact value of LD(n, 2) over F 3 and F 4 , where LD(n, 2) := max{d | there exsits an [n, 2, d] LCD code over F q }. We study the bound of LCD codes over F q and generalize a conjecture proposed by Galvez et al. about the minimum distance of binary LCD codes.
Introduction
In this paper, let F q be a finite field with q elements. The set of non-zero elements of F q is denoted by F * q . For any x ∈ F q 2 , the conjugate of x is defined as x = x q . A k−dimensional subspace C of F n q is called an [n, k, d] linear code with minimum (Hamming) distance d. Given a linear code C of length n over F q (resp. F q 2 ), its Euclidean dual code (resp. Hermitian dual code) is denoted by C ⊥ (resp. C ⊥ H ). The codes C ⊥ and C ⊥ H are defined as follows C ⊥ = {u ∈ F n q | u · c = 0, ∀ c ∈ C}, C ⊥ H = {u ∈ F n q 2 | u · c = 0, ∀ c ∈ C}. A linear code has complementary dual (or LCD code for short) over F q if C C ⊥ = F n q . The Euclidean (resp. Hermitian) hull of a linear code C is defined to be Hull E (C) = C ∩C ⊥ Shixin Zhu zhushixinmath@hfut.edu.cn Binbin Pang pbbmath@126.com Xiaoshan Kai kxs6@sina.com 1 School of Mathematics, Hefei University of Technology, Hefei 230009, Anhui, People's Republic of China (resp. Hull H (C) = C ∩ C ⊥ H ). A linear code over F q is called a Euclidean (resp. Hermitian) LCD code if Hull E (C) = {0} (resp. Hull H (C) = {0}). In the following, Euclidean LCD code is abbreviated to LCD code if no special statement.
LCD codes have theoretical and practical importance [1] [2] [3] [4] [5] [6] [7] . In 1992, Massey first initiated LCD codes [22] , and he proved the existence of asymptotically good LCD codes in the meanwhile. Sendrier showed that LCD codes meet the asymptotic Gilbert-Varshamov bound over the finite fields [26] . Yang and Massey gave a necessary and sufficient condition for a cyclic code to be LCD code over finite fields [28] . In 2016, Carlet and Guilley stated the importance of LCD codes to against side-channel attacks (SCA) and investigated construction of LCD codes from various codes. They also characterize conditions under which codes obtained by various methods can be LCD [1] . After that, there are many literature on the construction of LCD codes over finite fields [8, 11, 17, [19] [20] [21] 24] . What's more, many LCD MDS codes have been constructed by some scholars in [5, 6, 14, 16, 23] . Carlet et al. solved the problem of the existence of q-ary [n, k] LCD MDS codes for Euclidean case [5] , and they also introduced a general construction of LCD codes from any linear codes. Furthermore, they showed that any linear code over F q (q > 3) is equivalent to an Euclidean LCD code and any linear code over F q 2 (q > 2) is equivalent to a Hermitian LCD code [6] . Sok et al. proved the existence of optimal LCD codes over large finite fields [27] . Carlet et al. first presented the definition of σ -LCD codes, which includes all classical LCD codes. They also extended the results of classical LCD codes to σ -LCD codes and showed that σ -LCD codes are great source to construct LCP of codes [4] . Carlet et al. presented a new concatenated type construction for LCD codes with improved parameters directly [2] . Liu et al. discussed the structure of LCD codes over finite chain rings [18] .
Recently, many researchers contributed to studying LCD codes over small finite fields [3, 10, 13, 25] . Galvez et al. gave two bounds of binary LCD codes. One is about the minimum distances of binary LCD codes with fixed lengths and dimensions. Anther is about the dimensions of LCD codes with fixed lengths and minimum distances [10] . Carlet et al. [3] presented a new characterization of binary LCD codes in terms of their symplectic basis and solved a conjecture proposed by Galvez et al. in [10] . Harada et al. studied binary LCD codes with the largest minimum weight among all binary LCD codes [13] . Inspired by these latter works, we consider the bounds on LCD codes over small finite fields.
In this paper, we give some background and recall some basic results in Section 2. In Section 3, we show that LCD codes are not equivalent to non-LCD codes over small finite fields. In Section 4 , the enumeration of binary optimal LCD codes is obtained. In Sections 5 and 6, we get the exact value of LD(n, 2) over F 3 and F 4 , respectively. In Section 7, we study the bound of LCD codes over F q and generalize a conjecture proposed by Galvez et al. in [10] .
Preliminaries
For any vector a = (a 1 , · · · , a n ) ∈ F n q and permutation σ of {1, 2, · · · , n}, we define C a and σ (C) as the following linear codes C a = {(a 1 c 1 , a 2 c 2 , · · · , a n c n ) | (c 1 , c 2 , · · · , c n ) ∈ C}, and σ (C) = {(c σ (1) , c σ (2) , · · · , c σ (n) ) | (c 1 , c 2 , · · · , c n ) ∈ C}.
Two codes C and C in F n q are called equivalent if C = σ (C a ) for some permutation σ of {1, 2, · · · , n} and a ∈ (F * q ) n . For a matrix A over finite fields, A T denotes the transposed matrix of A and A denotes the conjugate of A. We assume that det(A) denotes the determinant of A, where A is a square matrix. Hamming weight of a vector a is the number of nonzero a i , and denoted by wt(a). Lemma 2.1 [6] If G is a generator matrix for the [n, k] linear code C, then C is an Euclidean (resp. a Hermitian) LCD code if and only if the k × k matrix GG T (resp. GG T )
is nonsingular.
Lemma 2.2 Let
A be a k × n matrix. Let a 1 , a 2 , · · · , a n be the column vectors of A and A = [a σ (1) , a σ (2) , · · · , a σ (n) ], where σ is a permutation of {1, 2, · · · , n}. Then det(AA T )=det( A A T ).
Proof By the definition of A, there are primary matrices Q 1 , · · · Q s such that A = AQ 1 · · · Q s . We have
. Then the proof is completed.
The combinatorial functions LD(n, k) and LK(n, d) has been introduced and studied by Dougherty et al. [7] and Galvez et al. [10] . The definitions of LD(n, k) and LK(n, d) are listed below, we will use them frequently in the rest of this paper. Let C be an [n, k, d] linear code over F q and the matrix G be the generator matrix of C. Then the size of G is k × n and rank(G) = k. Let
where a ij ∈ F q , for 1 ≤ i ≤ k and 1 ≤ j ≤ n. For any code over F q , we have the following inequality.
, for 1 ≤ k ≤ n.
Proof From the Griesmer bound [12] , for any q-ary linear [n, k, d] code, we have
Therefore, any [n, k, d] LCD code must satisfy this inequality.
LCD codes are not equivalent to non-LCD codes over small finite fields
In this section, we investigate the relationship between linear codes and LCD codes over small finite fields. Dinh et al. presented a necessary and sufficient condition for the existence of LCD codes over finite semi-simple rings [9] . Jin and Xing proved that some Reed-solomon codes are equivalent to LCD codes over finite fields and an algebraic geometry code over F 2 m (m ≥ 7) is equivalent to an LCD code [14, 15] . Carlet et al. showed that any MDS codes is equivalent to an LCD code over finite fields [5] . After then, they showed that an [n, Proof Assume C is equivalent to a linear code C = σ (C a ), where σ is a permutation of {1, 2, · · · , n} and a ∈ (F * 2 ) n . It is obvious that a = (1, 1, · · · , 1). Let G and G are the generator matrices of C and C, respectively. It is easy to know that if det(GG T )=0, then det( G G T ) = 0 from Lemma 2.2. We show that linear code C is not an Euclidean LCD code. Theorem 3.2 Let C be a linear code over F 3 with generator matrix G and assume C is not an Euclidean LCD code. Then C is not equivalent to any Euclidean LCD codes over F 3 .
Proof Assume C is equivalent to a linear code C = σ (C a ), where σ is a permutation of {1, 2, · · · , n} and a = (a 1 , · · · , a n ) ∈ (F * 3 ) n . Let G, G a and G are the generator matrices of C, C a and C, respectively. The G a is obtained from G by multiplying its j −th column by a j for j ∈ {1, 2, · · · n}, then we have G a G T a = GG T because of the fact that a 2 j = 1 for any a j ∈ F 3 . It is easy to know that if det(GG T )=0, then det( G G T ) = det(G a G T a ) = det(GG T ) = 0 from Lemma 2.2. We show that linear code C is not an Euclidean LCD code. Proof Assume C is equivalent to a linear code C = σ (C a ), where σ is a permutation of {1, 2, · · · , n} and a = (a 1 , · · · , a n ) ∈ (F * 4 ) n . Let G, G a and G are the generator matrices of C, C a and C, respectively. The G a is obtained from G by multiplying its j −th column by a j for j ∈ {1, 2, · · · n}, then we have G a G T a = GG T because of the fact that a j a j = 1 for any a j ∈ F 4 . It is easy to know that if det(GG
We show that linear code C is not a Hermitian LCD code.
Therefore, in the later section, we only consider LCD codes over F 2 , F 3 and F 4 .
The enumeration of [n, 2, d] binary optimal LCD codes
In this section we consider binary codes. Recently, Galvez et al. [10] obtain the exact values of LD(n, k) for k = 2 and arbitrary n. By Theorem 1 in [10] , we know that there exist LCD codes with LD(n, 2) = 2n 3 only for n ≡ 1, ±2, 3 (mod 6). An [n, k, d] linear code is optimal if the minimum distance achieve the Griesmer bound with fixed length n and dimension k. In this section, we will give the enumeration of [n, 2, d] binary optimal LCD codes for n ≡ 1, ±2, 3 (mod 6), where d = 2n
3 . An [n, 2] linear code C over F 2 with generator matrix G, Let G = a 11 a 12 · · · a 1n a 21 a 22 · · · a 2n .
Let
The following definition will be frequently used in this section.
From this definition and notation given above, we have C = {0, α 1 , α 2 , α 1 + α 2 , }. It is easy to know wt (α 1 ) = S 10 + S 11 , wt (α 2 ) = S 01 + S 11 , wt (α 1 + α 2 ) = S 10 + S 01 .
We also have
where the entries of GG T should be taken modulo 2. Based on the notation given above, we can obtain the following theorems.
Theorem 4.2 Up to equivalence, the number of [n, 2, d] binary optimal LCD codes is 2, for n ≡ 1, ±2 (mod 6).
Proof (i) Let n ≡ 1 (mod 6), i.e., n = 6t + 1, for some positive integer t. Let the code with generator matrix G, let min{wt (α 1 ), wt (α 2 ), wt (α 1 + α 2 )} ≥ 2(6t+1) 3 = 4t, then (S 01 , S 10 , S 11 ) ∈ T , where T = {(2t − 1, 2t + 1, 2t + 1), (2t, 2t, 2t + 1), (2t, 2t + 1, 2t), (2t + 1, 2t − 1, 2t + 1), (2t + 1, 2t, 2t), (2t + 1, 2t + 1, 2t − 1)}. If (S 01 , S 10 , S 11 ) ∈ T 1 , where T 1 = {(2t −1, 2t +1, 2t +1), (2t +1, 2t −1, 2t +1), (2t + 1, 2t + 1, 2t − 1)}, then the matrix G of those codes always satisfy det(GG T ) = 0. Therefore, those codes are LCD codes. But the code generated by (S 01 , S 10 , S 11 ) = (2t − 1, 2t + 1, 2t + 1) is equivalent to the code generated by (S 01 , S 10 , S 11 ) = (2t + 1, 2t − 1, 2t + 1). If (S 01 , S 10 , S 11 ) ∈ T 2 , where T 2 = T \ T 1 , then the matrix G of those codes always satisfy det(GG T ) = 0. Therefore, those codes are not LCD codes. Hence, there are only two binary optimal LCD codes up to equivalence. (ii) Let n ≡ −2 (mod 6), i.e., n = 6t − 2, for some positive integer t. Let the code with generator matrix G, let min{wt (
then the matrix G of those codes always satisfy det(GG T ) = 0. Therefore, those codes are LCD codes. But the code generated by (S 01 , S 10 , S 11 ) = (2t − 1, 2t, 2t − 1) is equivalent to the code generated by (S 01 , S 10 , S 11 ) = (2t, 2t − 1, 2t − 1). If (S 01 , S 10 , S 11 ) ∈ T 2 , where T 2 = T \ T 1 , then the matrix G of those codes always satisfy det(GG T ) = 0. Therefore, those codes are not LCD codes. Hence, there are only two binary optimal LCD codes up to equivalence. (iii) Let n ≡ 2 (mod 6), i.e., n = 6t + 2, for some positive integer t. Let the code with generator matrix G, let min{wt (α 1 ), wt (α 2 ), wt (α 1 + α 2 )} ≥ 2(6t+2) 3 = 4t + 1, then (S 01 , S 10 , S 11 ) ∈ T , where T = {(2t, 2t + 1, 2t + 1), (2t + 1, 2t, 2t + 1), (2t + 1, 2t + 1, 2t). If (S 01 , S 10 , S 11 ) ∈ T , then the matrix G of those codes always satisfy det(GG T ) = 0. Therefore, those codes are LCD codes. But the code generated by (S 01 , S 10 , S 11 ) = (2t, 2t + 1, 2t + 1) is equivalent to the code generated by (S 01 , S 10 , S 11 ) = (2t + 1, 2t, 2t + 1). Hence, there are only two binary optimal LCD codes up to equivalence. Theorem 4.3 Up to equivalence, the number of [n, 2, d] binary optimal LCD codes is 1, for n ≡ 3 (mod 6).
Proof Let n ≡ 3 (mod 6), i.e., n = 6t + 3, for some positive integer t. Let the code with generator matrix G, let min{wt (α 1 ), wt (α 2 ), wt (α 1 + α 2 )} ≥ 2(6t+3) 3 = 4t + 2, then (S 01 , S 10 , S 11 ) ∈ T , where T = {(2t + 1, 2t + 1, 2t + 1)}. Then the generator matrix G of this code satisfy GG T = 0 1 1 0 i.e., det(GG T ) = 1 = 0. Therefore, this code is an LCD code. Hence, there are only one binary optimal LCD code.
Theorem 4.4 Let n be a positive integer, then
(1) Suppose that n is even and i ≥ 0. If n ≥ 6i + 4, then LK(n, n − 2i − 1)=1.
(2) Suppose that n is odd and i ≥ 0. If n ≥ 6i + 1, then LK(n, n − 2i)=1.
Proof (1) Let C be an [n, k, n − 2i − 1] LCD code over F 2 with generator matrix G. If k ≥ 2, there is an [n, 2, n − 2i − 1] LCD code by Theorem 3.4 in [3] . From the Griesmer bound, we have n ≤ 6i + 2. This implies that there is no [n, 2, n − 2i − 1] code when n ≥ 6i + 4. In other words, there is no such an LCD code. If k = 1, because the minimum distance n − 2i − 1 is odd, we get GG T = 1. There is [n, 1, n − 2i − 1] LCD code by Lemma 2.1.
(2) Let C be an [n, k, n − 2i] LCD code over F 2 with generator matrix G. If k ≥ 2, there is an [n, 2, n − 2i] LCD code by Theorem 3.4 in [3] . From the Griesmer bound, we have n ≤ 6i − 1. Since LD(6i, 2) = 4i − 1 from Theorem 2 in [10] . Thus there is no [6i, 2, 4i]. This implies that there is no [n, 2, n − 2i − 1] code when n ≥ 6i + 1. In other words, there is no such an LCD code. If k = 1, because the minimum distance n − 2i is odd, we get GG T = 1. There is [n, 1, n − 2i − 1] LCD code by Lemma 2.1.
The exact value of LD(n, 2) over F 3
In this section, we consider ternary codes and give the exact value of LD(n, 2) over F 3 for k = 2 and arbitrary n.
An [n, k] linear code C over F 3 with generator matrix G, Let G = a 11 a 12 · · · a 1n a 21 a 22 · · · a 2n .
Let α 1 = [a 11 , a 12 , · · · , a 1n ], α 2 = [a 21 , a 22 , · · · , a 2n ], then
From this definition and notation given above, we have C = {0, α 1 , α 2 , 2α 1 , 2α 2 , α 1 + α 2 , α 1 + 2α 2 , 2α 1 + α 2 , 2α 1 + 2α 2 }. It is easy to know
S ij , wt (α 1 + α 2 ) = wt (2α 1 + 2α 2 ) = S 01 + S 02 + S 10 + S 11 + S 20 + S 22 , wt (α 1 + 2α 2 ) = wt (2α 1 + α 2 ) = S 01 + S 02 + S 10 + S 12 + S 20 + S 21 .
where the entries of GG T should be taken modulo 3.
Based on the notation given above, we can obtain the following theorems. Proof From the Lemma 2.5, let q = 3, and k = 2, we get this inequality.
Theorem 5.3 Let n ≥ 2. Then LD(n, 2) = 3n 4 for n ≡ 1, 2 (mod 4).
Proof Let linear code C be generated by G given above, we only need to show the existence of LCD codes with minimum distance d = 3n 4 . (i) Let n ≡ 1 (mod 4), i.e., n = 4t + 1, for some positive integer t. If t is an odd integer, let the code with generator matrix G, let S 01 = S 02 = S 10 = S 12 = S 21 = t+1 2 and S 11 = S 20 = S 22 = t−1 2 . Note that this code has minimum distance 3t = 3(4t+1) 4 and GG T = 0 1 1 1 , i.e., det(GG T ) = 2 = 0. Therefore, this code is an LCD code.
If t is an even integer, let the code with generator matrix G, let S 01 = S 02 = S 10 = S 11 = S 12 = t 2 , S 21 = t 2 − 1 and S 20 = S 22 = t 2 + 1. Note that this code has minimum distance 3t = 3(4t+1) 4 and GG T = 1 2 2 0 , i.e., det(GG T ) = 2 = 0. Therefore, this code is an LCD code. (ii) Let n ≡ 2 (mod 4), i.e., n = 4t + 2, for some positive integer t. If t is an odd integer, let the code with generator matrix G, let S 01 = S 02 = S 11 = S 12 = S 20 = S 22 = t+1 2 and S 10 = S 21 = t−1 2 . Note that this code has minimum distance 3t + 1 = 3(4t+2) 4 and GG T = 1 1 1 2 , i.e., det(GG T ) = 1 = 0. Therefore, this code is an LCD code. If t is an even integer, let the code with generator matrix G, and let S 01 = S 02 = S 12 = S 20 = S 21 = S 22 = t 2 and S 10 = S 11 = t 2 + 1. Note that this code has minimum distance 3t + 1 = 3(4t+2) 4 and GG T = 2 1 1 1 , i.e., det(GG T ) = 1 = 0. Therefore, this code is an LCD code.
Theorem 5.4 Let n ≥ 2, then LD(n, 2) = 3n 4 − 1 for n ≡ 0, 3 (mod 4).
Proof Let linear code C generated by G give above, we will show there is no LCD code with minimum distance d = 3n 4 . (i) Let n ≡ 0 (mod 4), i.e., n = 4t, for some positive integer t. Let the code with generator matrix G, and min{wt (α 1 ), wt (α 2 ), wt (α 1 + α 2 ), wt (α 1 + 2α 2 )} ≥ 3(4t) 4 = 3t, then, wt (α 1 ) = wt (α 2 ) = wt (α 1 + α 2 ) = wt (α 1 + 2α 2 ) = 3t and S 01 + S 02 = S 10 +S 20 = S 11 +S 22 = S 12 +S 21 = t. Note that GG T = 0 0 0 0 , i.e., det(GG T ) = 0.
Therefore, those codes are not LCD codes. Furthermore, if t is an odd integer, let the code with generator matrix G, S 01 = S 02 = S 11 = S 12 = t−1 2 and S 10 = S 20 = S 21 = S 22 = t+1 2 . Note that this code has minimum distance 3t − 1 = 3(4t) 4 − 1 and GG T = 1 0 0 2 , i.e., det(GG T ) = 2 = 0. Therefore, this code is an LCD code. If t is an even integer, let the code with generator matrix G, S 01 = S 02 = S 10 = S 11 = S 12 = S 20 = t 2 , S 21 = t 2 − 1 and S 22 = t 2 + 1. Note that this code has minimum distance 3t −1 = 3(4t) 4 −1 and GG T = 0 2 2 0 , i.e., det(GG T ) = 2 = 0. Therefore, this code is an LCD code. (ii) Let n ≡ 3 (mod 4), i.e., n = 4t + 3, for some positive integer t. Let the code with generator matrix G, and min{wt (α 1 ), wt (α 2 ), wt (α 1 +α 2 ), wt (α 1 +2α 2 )} ≥ 3(4t+3) 4 = 3t + 2, then, wt (α 1 ), wt (α 2 ), wt (α 1 + α 2 ), wt (α 1 + 2α 2 ) ∈ {3t + 2, 3t + 3}. (1) . Let wt (α 1 ) = wt (α 2 ) = 3t + 3, then S 01 + S 02 = S 10 + S 20 = t. If wt (α 1 + α 2 ) = 3t + 3, we have S 12 +S 21 = t, then S 11 +S 22 = t +3. Therefore, we obtain wt (α 1 +2α 2 ) = 3t, which is impossible. If wt (α 1 + α 2 ) = 3t + 2, we have S 12 + S 21 = t + 1, then S 11 +S 22 = t +2. Therefore, we obtain wt (α 1 +2α 2 ) = 3t +1, which is also impossible. (2) . Let wt (α 1 ) = 3t+2 and wt (α 2 ) = 3t+3, then S 01 +S 02 = t+1, S 10 +S 20 = t.
If wt (α 1 + α 2 ) = 3t + 3, we have S 12 + S 21 = t, then S 11 + S 22 = t + 2. Therefore, we obtain wt (α 1 + 2α 2 ) = 3t + 1, which is impossible. If wt (α 1 + α 2 ) = 3t + 2,
we have S 12 + S 21 = t + 1, then S 11 + S 22 = t + 1. Note that GG T = 2 0 0 0 , i.e., det(GG T ) = 0. Therefore, this code is not an LCD code. (3) . Let wt (α 1 ) = 3t + 3,
It is similar to (2) . We get GG T = 0 0 0 2 , i.e., det(GG T ) = 0.
Therefore, this code is not an LCD code. (4) . Let wt (α 1 ) = wt (α 2 ) = 3t + 2, then S 01 + S 02 = S 10 + S 20 = t + 1. If wt (α 1 + α 2 ) = 3t + 3, we have S 12 + S 21 = t, then S 11 + S 22 = t + 1. Note that GG T = 2 1 1 2 , i.e., det(GG T ) = 0. Therefore, this code is not an LCD code. If wt (α 1 + α 2 ) = 3t + 2, we have S 11 + S 22 = t + 1, then S 12 + S 21 = t. Note that GG T = 2 2 2 2 , i.e., det(GG T ) = 0. Therefore, this code is not an LCD code. Furthermore, if t is an odd integer, let the code with generator matrix G, S 01 = S 02 = S 10 = S 11 = S 12 = S 20 = t+1 2 , S 21 = t+3 2 and S 22 = t−3 2 . Note that this code has minimum distance 3t +1 = 3(4t+3) 4 −1 and GG T = 2 0 0 2 , i.e., det(GG T ) = 1 = 0. Therefore, this code is an LCD code. If t is an even integer, let the code with generator matrix G, S 01 = S 02 = S 10 = S 11 = S 22 = t 2 and S 12 = S 20 = S 21 = t 2 + 1. Note that this code has minimum distance 3t + 1 = 3(4t+3) 4 − 1 and GG T = 0 1 1 2 , i.e., det(GG T ) = 2 = 0. Therefore, this code is an LCD code. This completes the proof.
The exact value of LD(n, 2) over F 4
In this section, we consider quaternary codes and give the exact value of LD(n, 2) over F 4 for k = 2 and arbitrary n. Let ξ be a primitive element of F 4 , i.e., F 4 = ξ {0}. An [n, k] linear code C over F 4 with generator matrix G. Let G = a 11 a 12 · · · a 1n a 21 a 22 · · · a 2n .
Let α 1 = [a 11 , a 12 , · · · , a 1n ] and α 2 = [a 21 , a 22 , · · · , a 2n ], then
Let β l = [a 1l , a 2l ] T for 1 ≤ l ≤ n, then G = [β 1 , β 2 , · · · , β n ].
From this definition and notation given above, we have C = {0, α 1 , α 2 , ξα 1 , ξα 2 , ξ 2 α 1 , ξ 2 α 2 , α 1 + α 2 , ξα 1 + ξα 2 , ξ 2 α 1 + ξ 2 α 2 , α 1 + ξα 2 , ξα 1 + ξ 2 α 2 , ξ 2 α 1 + α 2 , α 1 + ξ 2 α 2 , ξα 1 + α 2 , ξ 2 α 1 + ξα 2 }. It is easy to know
where the entries of GG T should be taken modulo 2.
Based on the notation given above, we can obtain the following theorems. Theorem 6.2 LD(n, 2) ≤ 4n 5 for n ≥ 2.
Proof From the Lemma 2.5, let q = 4, and k = 2, we get this inequality. Theorem 6.3 Let n ≥ 2. Then LD(n, 2) = 4n 5 for n ≡ 1, 2, 3 (mod 5).
Proof It is similar to the Theorem 5.3, so we omit it. [10] . So we consider LCD codes over F q , where q is a odd prime power. We get a similar relation between LD(n, k) and LD(n, k − 1). Let C be an [n, k, d] linear code over F q and the matrix G be the generator matrix of C. Then the size of G is k × n and rank(G) = k. Let
where α i ∈ F n q , for 1 ≤ i ≤ k. Lemma 7.1 Let C be an [n, k] LCD code over F q , where k < n and q is an odd prime power. Then there exist a nonzero codeword β ∈ C ⊥ such that β · β = b = 0.
Proof If any β = 0, β ∈ C ⊥ , then β · β = 0. We have (β + γ ) · (β + γ ) = 0 for any γ ∈ C ⊥ , then β ∈ C. This is impossible. For any finite field F q , we have the following theorem. Proof Let G be a generator matrix of an [n, k, d] LCD code C over F q . Then C with the generator matrix G = [G 0] is an LCD code since det(G G T )=det(GG T ) = 0. Note that C is an [n + 1, k, d] code. This completes the proof.
Conclusion
In this paper, we have showed that LCD codes are not equivalent to non-LCD codes over small finite fields. We have obtained the enumeration of binary optimal LCD codes. We also have gotten the exact value of LD(n, 2) over F 3 and F 4 . The techniques presented in this paper can be used for obtaining bound of minimum distance with larger dimensions. We have studied the bound of LCD codes over F q and generalized a conjecture proposed by Galvez et al. in [10] to any F q , where q is a odd prime power.
